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Abstract
In this paper, we will study the curvature index κ∗(Γ ) for spatial embeddings Γ of a theta-curve θ . Theorem 1
gives interactions between the curvature index and the bridge index for spatial theta-curves. In Theorem 2, we will
compare the curvature index κ∗(Γ #Γ ′) of composite spatial theta-curves with the sum κ∗(Γ ) + κ∗(Γ ′) of the
indices of its factors, and show in particular that the difference is unbounded.  2002 Elsevier Science B.V. All
rights reserved.
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The curvature index for polygonal maps from graphs to the Euclidean space En is introduced by
Taniyama [12], and related topics are studied by Kobayashi [3] and Nagasaka [7,8]. We are mainly
interested in embeddings Γ of a theta-curve θ into the Euclidean 3-space E3. The curvature index κ∗(Γ )
for such a Γ is the infimum of τ(Γ ′)/π for all spatial embeddings Γ ′ of θ ambient isotopic to Γ ,
where τ(Γ ′) is the total curvature for Γ ′. Theorem 1.1 in [12] implies that the ambient isotopy class of
any Γ : θ → E3 contains an embedding Γ ′ with τ(prver ◦ Γ ′)/π = κ∗(Γ ), where prver : E3 → E1 is the
orthogonal projection to the vertical line, the z-axis. From this fact, we know that the curvature index
κ∗(Γ ) has an integer value. The curvature index for spatial theta-curves is an analogue of the curvature
index κ∗(K) for knots K in E3 introduced by Milnor [4]. In [4, Theorem 4.7], it is proved that, for any
knot K in E3, κ∗(K) is equal to 2b(K), where b(K) is the bridge index for K .
According to [12, Theorem 8.1], κ∗(Γ ) is not smaller than 4 for any embedding Γ : θ → E3, and the
equality κ∗(Γ )= 4 holds if and only if Γ is unknotted. Moreover, by [12, Theorem 8.4], κ∗(Γ )= 5 is
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equivalent to Γ being rational in the sense of Harikae [2]. The bridge index b(Γ ) for spatial theta-curves
Γ is introduced by Goda [1] as an analogue of the bridge index for knots. Theorem 1 gives relations
between the curvature index and the bridge index for Γ .
Theorem 1. For any theta-curve Γ : θ → E3, the following (i) and (ii) hold.
(i) If κ∗(Γ )= 2m+ 1 for some m ∈ N with m 2, then b(Γ )=m.
(ii) If κ∗(Γ ) = 2m for some m ∈ N with m  3, then either b(Γ ) = m − 1 or b(Γ ) = m. Moreover,
for any m  3, there exist theta-curves Γ̂ , Γ̂ ′ with κ∗(Γ̂ ) = κ∗(Γ̂ ′) = 2m and b(Γ̂ ) = m − 1,
b(Γ̂ ′)=m.
If κ∗(Γ )= 4, then Γ is unknotted and so the bridge index b(Γ ) is always one. However, Theorem 1(ii)
implies that there does not exist a one-to-one correspondence between the even curvature index greater
than four and the bridge index.
Schubert [10, Satz 7] presented the connected sum formula on the bridge index for knots K,K ′ in S3;
b(K)+ b(K ′)− b(K#K ′)= 1. This means that κ∗(K)+ κ∗(K ′)− κ∗(K#K ′) is always two. A (vertex)
connected sum Γ #Γ ′ for theta-curves Γ , Γ ′ is defined by Wolcott [13], which is well defined up to
ambient isotopy. The connected sum for spatial theta-curves has been already studied by some authors,
e.g., Taniyama [11], Miyazaki [5] and Motohashi [6]. Here, we would like to estimate the curvature index
of a composite theta-curve by the indices of its factors. Let us set σ (Γ,Γ ′)= κ∗(Γ )+κ∗(Γ ′)−κ∗(Γ #Γ ′)
for simplicity. Obviously, if at least one of Γ and Γ ′ is unknotted, then σ (Γ,Γ ′) = 4. The authors do
not know whether the commutativity σ (Γ,Γ ′) = σ (Γ ′,Γ ) always holds or equivalently κ∗(Γ #Γ ′) is
always equal to κ∗(Γ ′#Γ ). Though Γ̂ #Γ̂ ′ is not cobordant to Γ̂ ′#Γ̂ for a pair of theta-curves Γ̂ , Γ̂ ′
satisfying the conditions in [5, Proposition 3], it is not hard to prove that they have the same curvature
index; κ∗(Γ̂ #Γ̂ ′)= κ∗(Γ̂ ′#Γ̂ ).
Theorem 2.
(i) For any embeddings Γ,Γ ′ : θ → E3, the inequality σ (Γ,Γ ′) 2 holds.
(ii) For any n ∈ N with n 2, there exist embeddings Γn,Γ ′n with σ (Γn,Γ ′n)= n.
In particular, Theorem 2(ii) implies that the values σ (Γ,Γ ′) are unbounded. We will see that, for the
decomposing sphere Sn (n  5) used in our proof and corresponding to the connected sum Γn#Γ ′n, the
equality σ (Γn,Γ ′n)= (Σ(Sn))/2+ 3 holds, where Σ(Sn) is the set of critical points, extreme or saddle
points, of Sn. This suggests us that there would exist interactions between σ (Γ,Γ ′) and (Σ(S)) for any
composite theta-curves Γ #Γ ′ and their decomposing spheres S. In fact, in a sequel of the present paper,
we will give an estimate of σ (Γ,Γ ′) from above in terms of (Σ(S)).
Unfortunately, the authors do not have a direct method to obtain the exact value of κ∗(Γ ) for arbitrarily
given embeddings Γ : θ → E3. If Γ are the spatial theta-curves Γn,Γ ′n (n  5) defined in the proof of
Theorem 2, then one can show that κ∗(Γ ) 2m+ ε holds for some ε ∈ {0,1,2} by relying on the fact
that Γ (θ) contains an m-bridge knot. The reverse inequality κ∗(Γ )  2m + ε is proved by practically
rearranging the position of Γ (θ) in E3 so that τ(prver ◦Γ )/π = 2m+ε. The values of the curvature index
for these spatial graphs implicitly suggest that it would be difficult to estimate the curvature index by
spatial graph invariants, e.g., the (reduced) A-variable Yamada polynomial R(Γ ) in [14]. In fact, since
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Γ2m#Γ ′2m (m  3) is a (local) connected sum of Γ ′2m with an m-bridge knot Km, we have the equality
R(Γ2m#Γ ′2m)/R(Γ ′2m)=D(Km)(A2,A−A−1), where D(Km) is the Dubrovnik polynomial for Km, see
[14, Theorems 5 and 8] for details. On the other hand, κ∗(Γ2m#Γ ′2m)= κ∗(Γ ′2m)= 4m+ 2 holds as will
be seen later.
1. Curvature index and bridge index for theta-curves
The cardinality of a set A is denoted by (A). Let E3 be the Euclidean 3-space with the (x, y, z)-
coordinate, and let prflat : E3 → E2, prver : E3 → E be the orthogonal projections with prflat(x, y, z) =
(x, z) and prver(x, y, z) = z. A subset A in E3 is higher than B in E3 (with respect to prver) if
prver(a) > prver(b) for any a ∈A, b ∈ B .
A theta-curve θ is a 1-complex consisting of two vertices v1, v2 and three edges e1, e2, e3 connecting
v1 with v2. These edges are oriented from v1 to v2. Throughout this paper, any map Γ from θ to the
Euclidean space En is assumed to be polygonal, that is, Γ is a piecewise linear map with respect to
some simplicial decomposition θ ′ of θ such that, for any 1-simplex e of θ ′, the restriction Γ (e) is a non-
degenerate straight segment in En. For any mutually adjacent edges ei, ej in θ ′, let β(Γ, ei, ej ) be the
angle with 0 β(Γ, ei, ej ) π in En made by the two straight segments Γ (ei) and Γ (ej ) at Γ (ei ∩ ej ).
The curvature of Γ at (ei, ej ) is α(Γ, ei, ej )= π − β(Γ, ei, ej ), and the total curvature of Γ is
τ(Γ )=
∑
(ei ,ej )
α(Γ, ei, ej ),
where the summation ranges over all unordered pairs (ei, ej ) of mutually adjacent edges in θ ′. We note
that the value of τ(Γ ) is independent of the choice of a simplicial decomposition θ ′ of θ . If Γ (1) is a map
from θ into the Euclidean line E1, then each curvature α(Γ (1), ei , ej ) is either 0 or π . Thus, the curvature
index κ(Γ (1))= τ(Γ (1))/π for Γ (1) is a positive integer.
From now on, we will study embeddings of θ into the 3-dimensional Euclidean space E3. For
simplicity, we often call an embedding Γ : θ → E3 itself a (spatial) theta-curve. The curvature index
κ∗(Γ ) for an embedding Γ : θ →E3 (strictly for the ambient isotopy class of Γ ) is defined by
κ∗(Γ )= inf
{
τ(Γ ′)
π
;Γ ′ : θ → E3 is an embedding ambient isotopic to Γ
}
.
According to Theorem 1.1 in [12], there exists an embedding Γ ′ ambient isotopic to Γ and satisfying
κ(prver ◦ Γ ′) = κ∗(Γ ′) (= κ∗(Γ )). In particular, the curvature index of Γ has an integer value. The
vertical curvature index κver(Γ ) for Γ is the curvature index κ(prver ◦Γ ) of prver ◦Γ : θ → E1. Then, we
have another definition of the curvature index:
κ∗(Γ )= min{κver(Γ ′);Γ ′ : θ → E3 is an embedding ambient isotopic to Γ }.
We say that Γ is of vertically least curvature if κver(Γ )= κ∗(Γ ). A point p ∈ Γ (θ) is called a turning
point (with respect to prver) if either p is one of the two vertices of Γ (θ) or prver ◦ Γ takes a maximal
or minimal value at Γ −1(p). In other words, a turning point of Γ (θ) is a point in Γ (θ) contributing to
κver(Γ ) by one. The image of a map fΓ : θ → E2 is called a bending pattern of Γ if pr(2)ver ◦fΓ = prver ◦Γ
for the orthogonal projection pr(2)ver : E2 → E1 to the second factor. Though prflat ◦ Γ (θ) is an example of
a bending pattern of Γ , usually rather simpler patterns will be used in our argument, see Fig. 1.
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Fig. 1.
Fig. 2.
One can define the curvature index κ∗(K) for a knot K in E3 analogously. In fact, πκ∗(K) is the
infimum of the total curvatures τ(K ′) for all knots K ′ ambient isotopic to K .
We set E3+ = {p ∈ E3;prver(p)  0}, and E3− = {q ∈ E3;prver(q)  0}. The Euclidean 2-space E2 is
naturally identified with the xz-plane in E3 by the correspondence (x, z) ∈ E2 → (x,0, z) ∈ E3. A graph
G embedded in E3 (resp. E3±) is said to be unknotted if G is properly ambient isotopic to a graph
contained in E2 (resp. E2± = E2 ∩ E3±). For an embedding Γ : θ → E3, the theta-curve Γ (θ) is in bridge
position if Γ (θ) ∩ E3+, Γ (θ) ∩ E3− are unknotted respectively in E3+ and E3− and whose components
consist of a single star of order three and proper arcs, see Fig. 2, where the turning points of Γ (θ)
are labelled with 1,2, . . . ,2b + 2. The number of such components in E3+ is the bridge number of Γ .
The bridge index b(Γ ) for Γ is the minimum bridge number among all theta-curves in bridge position
ambient isotopic to Γ . According to Goda [1], any theta-curve Γ in E3 can be moved to an embedding in
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bridge position by ambient isotopy, and b(Γ )= 1 if and only if Γ is unknotted. As is suggested in Fig. 2,
if Γ is a theta-curve realizing the bridge index for the ambient isotopy class, then κver(Γ )= 2b(Γ )+ 2.
Thus, we have b(Γ ) κ∗(Γ )/2− 1.
The bridge index for a knot K in E3 can be defined similarly. One can ambient isotope K to a knot K ′
in bridge position, that is, both K ′ ∩E3+, K ′ ∩E3− are unknotted unions of arcs in E3+ and E3− respectively.
The number of components of K ′ ∩ E3+ is called the bridge number for K ′, and the bridge index b(K)
for a knot K is the minimum bridge number among all knots in bridge position ambient isotopic to K .
In [4], Milnor showed b(K)= 2κ∗(K) for any knot K . It is well known or easily seen that a trefoil knot
is 2-bridge, for example see Rolfsen [9, § 4D, Example 13].
An embedding α : [t1, t2]→ E3 is vertically monotone increasing (resp. decreasing) if the composition
prver ◦ α : [t1, t2] → E1 is a monotone increasing (resp. decreasing) function. For simplicity, such an
embedding is called v-monotone increasing (resp. decreasing). An arc α in E3 is called vertically
monotone (for short v-monotone) if α is parametrized so as to be a monotone embedding.
Proof of Theorem 1. (i) First, suppose that κ∗(Γ ) = 2m + 1 for some m ∈ N with m  2. If Γ is
of vertically least curvature, then Γ (θ) has m maximal points p1, . . . , pm and m − 1 minimal points
q1, . . . , qm−1 (or vice versa) with respect to prver. We may assume that prver(pi) = 2 for i = 1, . . . ,m
and prver(qj ) = −2 for j = 1, . . . ,m − 1. The two vertices of Γ (θ) are labelled with v+, v− so that
prver(v+)  prver(v−). Since {pi} = {qj } + 1, two of the three rays along Γ (θ) emanating from v+
or v− direct upward and the other directs downward. Here, we may also assume that prver(v+)= 1 and
Fig. 3.
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prver(v−)=−1, see Fig. 3(a) for its bending pattern. Let α be a v-monotone arc in E3 connecting v+ to
a point q0 with prver(q0) = −2 and α ∩ Γ (θ) = {v+}. Deform Γ (θ) in a small regular neighborhood
of α in E3 so that the resulting theta-curve Γ new(θ) has m maximal points p1, . . . , pm, m minimal
points q0, q1, . . . , qm−1 and only one ray along Γ new(θ) emanating from v+ (resp. v−) directs upward
(resp. downward), see Fig. 3(b) for its bending pattern. Then, it is not hard to show that Γ new(θ) ∩ E3+,
Γ new(θ) ∩ E3− are unknotted respectively in E3+ and E3−. Thus, we have b(Γ ) m. On the other hand,
since b(Γ ) κ∗(Γ )/2− 1 =m− 1/2, b(Γ ) is equal to m.
Fig. 4.
Fig. 5.
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(ii) Next, suppose that κ∗(Γ )= 2m for some m ∈ N with m 3. If Γ is of vertically least curvature,
then Γ (θ) has m−1 maximal points p1, . . . , pm−1 and m−1 minimal points q1, . . . , qm−1. As above, we
may assume that prver(pi) = 2, prver(qj ) =−2, prver(v+) = 1 and prver(v−) =−1. Since {pi} = {qj },
the number d(Γ ) ∈ {1,2} of rays along Γ (θ) emanating from v+ and directing upward is equal to that
from v− and directing downward. If d(Γ )= 1, then Γ (θ) ∩ E3+, Γ (θ) ∩ E3− are unknotted respectively
in E3+ and E3−, and hence b(Γ )m− 1, see Fig. 4 for its bending pattern. When d(Γ )= 2, we consider
mutually disjoint, v-monotone arcs α+, α− with ∂α+ = {v+, q0}, ∂α− = {v−,p0}, and α± ∩Γ (θ)= {v±},
where p0, q0 are points in E3 with prver(p0) = 2 and prver(q0) = −2. Its bending pattern is illustrated
in Fig. 5(a). Deform Γ (θ) in a small regular neighborhood of α+ ∪ α− so that the resulting theta-curve
Γ new(θ) has m maximal points p0,p1, . . . , pm−1, m minimal points q0, q1, . . . , qm−1 and d(Γ new) = 1,
see Fig. 5(b) for its bending pattern. Since Γ new(θ) ∩ E3+, Γ new(θ) ∩ E3− are unknotted respectively in
E3+ and E3−, we have b(Γ )m. On the other hand, since b(Γ ) κ∗(Γ )/2− 1 =m− 1, b(Γ ) is either
m− 1 or m.
It remains to show that there exist theta-curves Γ̂ , Γ̂ ′ with κ∗(Γ̂ )= κ∗(Γ̂ ′)= 2m and b(Γ̂ )=m− 1
and b(Γ̂ ′) =m. The proof will be given in Section 2 after the proof of Theorem 2 is finished, because
some theta-curves given in the proof of Theorem 2 satisfy such conditions.
2. Proof of Theorem 2
Deform given embeddings Γ,Γ ′ : θ →E3 by ambient isotopies individually so that (i) Γ (θ)⊂ int E3+,
Γ ′(θ)⊂ int E3−, (ii) Γ (v2) is a unique minimum point of Γ (θ), (iii) Γ ′(v1) is a unique maximal point of
Γ ′(θ), and (iv) both Γ (v2), Γ ′(v1) are in the same vertical line L. Let α be a segment in L connecting
Γ (v2) with Γ ′(v1), and N(α) a small regular neighborhood of α in E3 whose boundary ∂N(α) meets
Fig. 6. In the former (resp. latter) case, κver(Γ0)= κver(Γ ) (resp. κver(Γ0)= κver(Γ )+ 1) holds.
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each edge of Γ (θ) and Γ ′(θ) transversely in a single point. Let Θ be an embedded theta-curve in E3
obtained from Γ (θ)∪Γ ′(θ)− intN(α) by adding v-monotone arcs αi in N(α) connecting Γ (ei)∩∂N(α)
with Γ ′(ei) ∩ ∂N(α) for i = 1,2,3. A connected sum Γ #Γ ′ of Γ and Γ ′ is an embedding of θ into E3
with Γ #Γ ′(v1) = Γ (v1), Γ #Γ ′(v2) = Γ ′(v2), Γ #Γ ′(θ) = Θ and Γ #Γ ′(ei) ⊃ αi . As is seen in [13,
Section 4], the embedding Γ #Γ ′ is determined from Γ,Γ ′ uniquely up to ambient isotopy. A sphere
S in E3 is called a decomposing sphere for an embedding Λ : θ → E3 corresponding to the connected
sum Γ #Γ ′ if (Λ,S) is ambient isotopic to (Γ #Γ ′, S0) so that D0 = S0 ∩ pr−1ver(0) is a level disk meeting
Γ #Γ ′(θ) in three points and S0 − intD0 is a disk in either E3+ or E3− and disjoint from Γ #Γ ′(θ).
Now, we will prove Theorem 2.
Proof of Theorem 2. (i) For any embeddings Γ,Γ ′ : θ → E3, we will show that σ (Γ,Γ ′)  2. We
may assume that κver(Γ ) = κ∗(Γ ), κver(Γ ′) = κ∗(Γ ′) and Γ (θ) is higher than Γ ′(θ). Moreover,
one can assume that Γ (v1), Γ ′(v1) are higher than Γ (v2) and Γ ′(v2) respectively. One can deform
Γ (θ) ∪ Γ ′(θ) to Γ0(θ) ∪ Γ ′0(θ) by ambient isotopy so that Γ0(v2) (resp. Γ ′0(v1)) is contained in a
small neighborhood of the unique minimum (resp. maximum) turning point p0 of Γ0(θ) (resp. q0 of
Γ ′0(θ)), and κver(Γ0)  κver(Γ ) + 1, κver(Γ ′0)  κver(Γ ′) + 1, see Fig. 6 for its bending pattern. Move
Γ0(θ) by parallel translation so that p0 = q0. By connecting Γ0 with Γ ′0 in a small neighborhood N
of p0 = q0 in E3 with N ⊃ {Γ0(v2),Γ ′0(v1)}, we have a theta-curve Λ0 ambient isotopic to Γ #Γ ′ and
κver(Λ0)= κver(Γ0)+ κver(Γ ′0)− 4, see Fig. 7. In fact, on the stage of Λ0, the contributions to κver(Γ0),
κver(Γ
′
0) at the four points p0, q0, Γ0(v2), Γ ′0(v1) are canceled. Thus, we have
σ (Γ,Γ ′)= κ∗(Γ )+ κ∗(Γ ′)− κ∗(Γ #Γ ′)
 (κver(Γ0)− 1)+ (κver(Γ ′0)− 1)− κver(Λ0)
= 2.
(ii) First we consider the case of n = 2 or 3. Let Γ2,Γ ′3 : θ → E3 be embeddings as shown in Fig. 8,
where any edge with the label e(i) (i = 1,2,3) is the image of Γ2(ei) or Γ ′3(ei). Similarly, any vertex with
the label v(k) (k = 1,2) is the image of Γ2(vk) or Γ ′3(vk). Here, note that κver(Γ2)= 6 and κver(Γ ′3)= 5.
Since Γ2|e2 ∪ e3 is a 3-bridge knot, κ∗(Γ2)  κ∗(Γ2|e2 ∪ e3) = 6. Thus, we have κ∗(Γ2) = 6. Since
Γ ′3|e2 ∪ e3 is a 2-bridge knot, Γ ′3 is non-trivial, and hence κver(Γ ′3)  κ∗(Γ ′3)  5. Fig. 9(a) illustrates
Fig. 7.
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Fig. 8.
Fig. 9.
a connected sum Γ2#Γ ′2 with κver(Γ2#Γ ′2) = 10 for Γ ′2 = Γ2. Since Γ2#Γ ′2 |e2 ∪ e3 is a 5-bridge knot,
κver(Γ2#Γ ′2)  κ∗(Γ2#Γ ′2)  κ∗(Γ2#Γ ′2 |e2 ∪ e3) = 10. Thus, we have σ (Γ2,Γ ′2) = 6 + 6 − 10 = 2.
Let Γ3#Γ ′3 be the theta-curve as illustrated in Fig. 9(b) with κver(Γ3#Γ ′3) = 8 for Γ3 = Γ2. Since
Γ3#Γ ′3|e1 ∪ e3 is a 4-bridge knot, κver(Γ3#Γ ′3)  κ∗(Γ3#Γ ′3)  κ∗(Γ3#Γ ′3|e1 ∪ e3) = 8. Then, we have
σ (Γ3,Γ
′
3)= 6+ 5− 8= 3.
Next, we consider the case where n is an integer with n  5. Let Γ ′n be a theta-curve as illustrated
in Fig. 10 such that both Γ ′n|e1 ∪ e2, Γ ′n|e1 ∪ e3 are unknotted and Γ ′n|e2 ∪ e3 is ambient isotopic to
a connected sum of n − 2 copies of the right-hand trefoil. The turning points of Γ ′n(θ) are labelled
with 1,2, . . . ,4m or 4m− 2. Note that κver(Γ ′n)= 2(n− 1). Since Γ ′n|e2 ∪ e3 is an (n− 1)-bridge knot,
κ∗(Γ ′n) κ∗(Γ ′n|e2∪ e3) 2(n−1), and hence κ∗(Γ ′n)= 2(n−1). We remark that the last equality holds
even if n= 4.
Let us first suppose that n is odd, that is, n = 2m + 1 for some m ∈ N with m  2. Let Km be an
m-bridge knot constructed by a connected sum of (m − 1)-copies of the right-hand trefoil. Let Γn be
a theta-curve obtained from Km by doubling a short segment in Km as illustrated in Fig. 11, where the
turning points of Km are labelled with 1,2, . . . ,2m. Both Γn|e1 ∪ e2, Γn|e1 ∪ e3 are m-bridge knots and
Γn|e2 ∪ e3 is unknotted. Note that κver(Γn) = 2m + 2. If κ∗(Γn)  2m + 1, then Γn would be ambient
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Fig. 10.
Fig. 11.
isotopic to Γ̂n with κver(Γ̂n)  2m + 1. Since the vertical curvature index for knots is even, we have
κver(Γ̂n|e1 ∪ e2) = 2m. If κver(Γ̂n) = 2m, then Γ̂n(int e3) has no turning points and the both points of
Γ̂n(∂e3) are joined to turning points of Γ̂n(e1∪e2). Thus, κver(Γ̂n|e1∪e3)+κver(Γ̂n|e2∪e3)= 2m−2. This
contradicts that κver(Γ̂n|e1 ∪ e3) κ∗(Γ̂n|e1 ∪ e3)= 2m. If κver(Γ̂n) = 2m+ 1, then either (i) Γ̂n(int e3)
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Fig. 12.
Fig. 13.
has no turning points, and one of the two points in Γ̂n(∂e3) is joined to a turning point of Γ̂n(e1 ∪ e2),
but the other is not so, or (ii) the both points of Γ̂n(∂e3) are joined to turning points of Γ̂n(e1 ∪ e2), and
Γ̂n(int e3) has one turning point. In the former (resp. latter) case, κver(Γ̂n|e1 ∪ e3)+ κver(Γ̂n|e2 ∪ e3) =
(2m−1)+1 = 2m (resp. = (2m−2)+2 = 2m), where the term “+2” in the latter equality means that the
single turning point of Γ̂n(int e3) contributes to both κver(Γ̂ ′|e1 ∪ e3) and κver(Γ̂n|e2 ∪ e3) by one. In either
case, this contradicts that κ∗(Γ̂n|e1 ∪ e3)+ κ∗(Γ̂n|e2 ∪ e3)= 2m+ 2. Thus, we have κ∗(Γn) = 2m+ 2.
Let Bn be a 3-ball with (2m − 1) extreme points and γ a star of order three as illustrated in Fig. 12
such that s ∪ t is a knot ambient isotopic to Km in E3, where s is an arc in γ with ∂s = {p1,p2}
and t is an unknotted arc in Bn with ∂t = {p1,p2}. In Fig. 12, the extreme points of Bn are labelled
with 1,2, . . . ,2m − 1. Then, Γn#Γ ′n is ambient isotopic to a theta-curve Λn such that (E3,Λn(θ)) is
homeomorphic to ((E3 − intBn) ∪ϕ B ′n, γ ∪ϕ γ ′), where γ ′ is a star of order three in a 3-ball B ′n as
illustrated in Fig. 13, and ϕ : ∂B ′n → ∂Bn is an orientation-reversing homeomorphism with ϕ(qi) = pi
for i = 1,2,3. In Fig. 13, the extreme points of B ′n are labelled with 1,2, . . . ,2m− 1. The construction
can be done so that κver(Λn)= κver(γ )+ κver(γ ′)= 2+ (4m− 1)= 4m+ 1. The restrictions Λn|e1 ∪ e2,
Λn|e1 ∪ e3 are m-bridge knots and Λn|e2 ∪ e3 is a 2m-bridge knot. If κ∗(Λn)  4m, then Λn would
be ambient isotopic to a theta-curve Λ̂n with κver(Λ̂n)  4m. Since L̂n|e2 ∪ e3 is a 2m-bridge knot,
κver(Λ̂n|e2 ∪ e3)= 4m. This implies that Λ̂n| int e1 has no turning points and the both points of Λ̂n(∂e1)
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are joined to turning points of Λ̂n|e2 ∪ e3. It follows that κver(Λn|e1 ∪ e2)+ κver(Λn|e1 ∪ e3)= 4m− 2.
This contradicts that κ∗(Λn|e1 ∪ e2)+ κ∗(Λn|e1 ∪ e3) = 2m+ 2m = 4m. Thus, we have κ∗(Γn#Γ ′n) =
κ∗(Λn)= 4m+ 1 and σ (Γn,Γ ′n)= (2m+ 2)+ 4m− (4m+ 1)= 2m+ 1= n.
Now, we suppose that n= 2(m+ 1) for some m ∈ N with m 2. Even in this case, we use the same
Γn as above, that is, Γ2(m+1) = Γ2m+1. Hence, in particular, κ∗(Γn) is equal to 2m+ 2. Let Bn be a 3-ball
with 2m extreme points and γ a star of order three as illustrated in Fig. 14 such that s ∪ t is a knot
ambient isotopic to Km in E3, where s is an arc in γ with ∂s = {p1,p2} and t is an unknotted arc in
Bn with ∂t = {p1,p2}. Then, Γn#Γ ′n is ambient isotopic to a theta-curve Λn such that (E3,Λn(θ)) is
homeomorphic to ((E3 − intBn)∪ϕ B ′n, γ ∪ϕ γ ′), where γ ′ is a star in a 3-ball B ′n as illustrated in Fig. 15,
and ϕ : ∂B ′n → ∂Bn is an orientation-reversing homeomorphism with ϕ(qi) = pi for i = 1,2,3. Since
Λn|e2 ∪ e3 is a (2m+ 1)-bridge knot and κver(Λn)= 4m+ 2, κ∗(Γn#Γ ′n)= κ∗(Λn)= 4m+ 2. Thus, we
have σ (Γn,Γ ′n)= (2m+ 2)+ (4m+ 2)− (4m+ 2)= 2m+ 2= n.
As a result, we have shown that, for any n ∈ N with n  2, there exist theta-curves Γn,Γ ′n with
σ (Γn,Γ
′
n)= n. This completes the proof. ✷
Continuation of proof of Theorem 1. Clearly, the theta-curve Γ2m−1 given in Theorem 2 satisfies
κ∗(Γ2m−1)= 2m and b(Γ2m−1)m− 1. Since b(Γ2m−1)m− 1, b(Γ2m−1)=m− 1. The theta-curve
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Γ ′m+1 given in Theorem 2 satisfies κ∗(Γ ′m+1)= 2m and contains an m-bridge knot. Since b(Γ ′m+1)m,
b(Γ ′m+1) must be m. This completes the proof of Theorem 1. ✷
Remark. In the case of n= 2m+ 1, the critical point set Σ(Sn) consists of 2m− 1 extreme points and
2m− 3 saddle points, where Sn = ∂Bn is the decomposing sphere for Λn given in Fig. 12 of Theorem 2.
Then, we have (Σ(Sn))= 4m− 4. Similarly, in the case of n= 2(m+ 1), (Σ(Sn)) is equal to 4m− 2.
In either case, the equality σ (Γn,Γ ′n)= (Σ(Sn))/2+ 3 holds.
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